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1. Introduction 

The mean extinction time of natural populations provides a risk criterion for 

ecological risk assessment (Nakanishi 1995; Iwasa 1998; Hakoyama and lwasa 1998). We 

studied a method to estimate mean extinction time from time series data of population size 

based on a stochastic model (canonical model; Iwasa 1998). 

The estimate method was based on a maximum likelihood estimator with some 

approximations, then the estimate is not always correct, especially in short time-series data. 

Time-series data of natural populations are usually shorter than 50 generations, therefore 

the estimate bias in short data set was a problem of the method. As the other problem, 

because we do not know the distribution of the estimate of mean extinction time, we could 

only calculate a point estimation but could not calculate confidence intervals of the 

estimate. 

In this paper, we attempt to solve these problems. We develop a new method to 

obtain a better estimate than the simple maximum likelihood method, based on bootstrap 

computer simulation. Bootstrapping method also provides approximate confidence intervals 

of estimates. We also examine the robustness of the canonical model to three harvest models 

(complex struetured models), and exarnine the error in estimates when the canonical model 

is applied to the structured populations. 

2. Canonical Model 

This section is a brief review of our previous study on a stochastic single population 

model (canonical model; see lwasa 1998 and Hakoyama and lwasa 1998). The dynamics of 

population size X at time t is expressed in terms of stochastic differential equation 

(canonical model): 

dX = rX(1 - ~) 
K + (T'~.(t)oX+~d(t)'1/~, 

dt 
(r, K, and ae > O), (1) 

where r is a growth rate, and K is a carrying capacity, ~. (t) is the white noise, and a. is the 

intensity of the environmental fluctuation. The mean extinction time TK, for a population 

following Eq. (1) is: 

2 Kr7 R(K+D)+1 R(,,-*) y+D 1 TK(r, K. CF ) ' O:.2 ~ ~ e x + D (y + D)y dydx, (2) 

where R= 2r and D l 
(T,2K (T,2 
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To apply the model to natural populations, we need three parameters (r. K, and cT* ). These 

can be estimated from a time-series data of population size using by a maximum likelihood 

method. Suppose that we sample population size X(t) at n+1 points with regular intervals 

)- ( )= } JIX(t )=x X t +T -x X t +2lr -x2""'X t0+nT x,, If the demographic o o' (o )~ l' (o ' 
stochasticity is neglected (if population size moderately large), carrying capaeity K is equal 

to the average population size: 

K = E[ X(t)] . (3) 

A demographic stochasticity causes a small bias: K > E[ X(t)]. Assuming small fluctuations 

around the population average (a 2 << r), the likelihood function L is: 

)
2
 

In(21Ta) ~ln 21Ta I p (xi+1~pxi =_ __ ( (_ 2 _~~ )) -2a 2a(1 - pt) ~. 
2
 ,=0 

m which a I ) (
 
C'2K2+K p-e ~ e ' ~ ~rT 

2r 

3. Confidence Intervals 

3.1 Bootstrap Confidence Intervals 

Approxirnate confidence intervals of parameters of canonical model, Eq. (1) can be 

found by bootstrapping computer simulation (see Dennis and Taper 1994). First, we 

calculate maximum likelihood estimates of parameters ( f , K and Cr^.) from time series data 

of population size, maximizing InL, Eq. (4). Second, using the parameters estirnated and a 

computer simulation model that parallels to canonical model, we generate repeatedly (for 

example, n = 5000) tirne series of the same length as the original data. We start each 

simulation frorn K and use the population size at the 30th generation tirne (as moderately 

long time) for the initial population size of computer-generate data. For each computer-

generate data, we calculate maximum likelihood estimates of parameters, denoted ?', k' 

and &**. Third, we take the 2.5th and the 97.5th sample percentiles of the 5000 ~ values 

for 95% confidence intervals of r, K, and (T. . 

Figure I shows the distribution of ?' , k' , &*' and log T' . Here we do not use real 

data to estimate F . K and ^a* , but we set these parameters arbitrarily, Clearly, the estimate 

[^･l of ? is under large bias, and f tend to be overestimated ( ELr J is larger than F). On the 

other hand, the estimate bias of k' and &.' is relatively small ( E[k'] and E[^(T.'] are close 

to k and ^cF. , respectively). E[log f IJ is also larger than log t, and this bias of 

log t(~,k, &.) attributes to the estimate bias of ~ mostly. Clearly, in the case of short data, 

the maxirnum likelihood estimate based on Eq. 3 and Eq. 4 is quite misleading. 
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Fig. I The distribution of (a) 

= 0,1, K = 300 and a* = 0,l 

We calculate log T' using by 

(Eq. A1, Appendix). 
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F', (b) k', (c) &.' and (d) Iog~' We set F 

ntime series = 50. ncomputer-generatc = 5000 

an approximate regresslon formula 

H　　　　　（。）

3.2 Data length and confidence intervals 

As shown in Fig. 2, the bootstrap confidence intervals of parameters become small 

with long data. Because of the nature that a maximum likelihood estirnate approaches to an 

unbiased estimate with long data, the bootstrap average of r and a. approaches to the true 

value (Fig. 2a, c). 

When bootstrap averages deviate from true values, the confidence Intervals are also 

not correct (for example, in r with data length = 10; Fig. 2). Because the bootstrap average 

of r and a* is overestimate (Fig. 2a, c), the true confidence intervals must be smaller than 

the bootstrap confidence intervals. 
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Fig. 2 The relationship between the number of data length (ntime series), and 

the bootstrap average ( ><) and 959ift, confidence intervals (bars) of (a) r'. (b) 

K', (c) cr*' and (d) IogT'. Weset r = 0.1, K = 300 and (~e = O.i. Dot 

lines indicate the true values. ncomputer-generate = 5000. We calculate log T' 

using by an approximate regresslon formula (Appendix). Black circles ( G) 

represent the adjusted expectation of pararneters calculated from the 

bootstrap averages ( >< ). See text for detail. 

3.3 Adjusted estimation based on bootstrapping 

As shown in 3.1 and 3.2 sections, the maximum likelihood estimate of three 

parameters is clearly misleading In short time serles data Since available time series data of 

natural population sizes must be short, we need a better estimate method to improve the 

maximum likelihood estimate. 

Here we develop a simple method based on bootstrap computer slmulation First, we 

suppose that there exists monotone-increasing transformations between a maximum 

likelihood estirnate and a bootstrap average (see Efron 1 987): 

r g(E[r l) k-g ( ^' ) ' - K E[K I and (7^. =g.,(E[^a, 
*
]
)
,
 

(5) 
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where g., gK and ga are some monotone transformations. In this case, the unbiased 

estimation of parameters is: 

r=g(~),K=g (k)anda =g ~) , K * ~*( * . (6) 

If E[F IJ is larger than f, the unbiased estimation of r is smaller than ~, and if E[~ J is 

smaller than P , the unbiased estimation of r is larger than ~ . Parameters K and ae also have 

similar nature. Therefore, the approximate bias-corrected estimation of parameters ( fi. Ki 

and ae,i) can be obtained by repeat calculations of the bootstrap average of three 

parameters: 

~i = K^, = and & = (i=2,3,4,...), (7) KIK,_1 e'l e,i-I 
E[Pi_]' J ' E[&e,,-1' I ' E[k,_1' J e,, 

where fl = ~, K1 = K and &e,1 = ^(;.. We do not need to know the monotone 

transformations, g, but the repeat calculations provide the better estimation autornatically. 

For each computer-generated ?', k' and &e" we can also calculate the approximate bias-

corrected estlmation, then we can obtain better bootstrap confidence intervals. In Fig. 2, we 

show the approximate blas-corrected estimatlons for the bootstrap average of three 

parameters E[F'] E[k'] and E[&' The estimations (black crrcles e) are close to true 

values (Fig. 2). The number of repeat calculation i is 19. Table I shows an example of a 

convergence from r K and (T ( E[f'] E[k'] and E[(T respectrvely) to rl9 K19 ^1' ^] ^u,1 = ' ^e']' ' ^ ' ^ 
and ae,19' 

Note that not only the estimation of r and cre ' but also that of K is improved by 

the bias-correct method (Table l). The estimation of K have systematic bias 

(underestimate) because of the approximation in maximum likelihood functions (Eq. 3 and 

4). Namely, we may improve the systematic biases from approximations in maximum 

likelihood functions, and exclude the constraints of the assumptions. 
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Table I . A convergence from Pl ' Kl and &..1 to 

ncomputer-generate is 2000, but the time series with 

not used for calculations r = 0.1, K = 300 and 

r K and a 1g. 19' l' e, 
~x x ~ o or went extinct are 

l+1 j 

ae = O I nt]me senes = 10. 
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4. Mode] Aggrogation 

4.1 Harvest models 

We can use the estimate method from time series data of population size to 

aggregate a complex model to the canonical model. As complex models, we examine three 

harvest models: 

- - rx(1 - -) dx ~ + a,~'(t)'x+~d(t) ':'~r;~-y(x) 
dt~ 

where y(x) = 

{O for x ~ c 

co for x > c 

a(constant harvest model), -bx (proportional harvest model) and 

(threshold harvest model) (see Lande et al, 1 995). 

(8) 
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First, we generate a sample path of population size using a simulation model that is 

parallel to each harvest model (ntime series = 1000). Second, we estimated three parameters, 

~. K and &* by fitting to the sampled population fluctuations to the canonical model, and 

calculated the mean extinction time logTk using ~q. (2). Finally, we compared it with true 

10gTk of harvest models obtained from Eq. 9, 10 and 1 1 . 

4.2 Constant harvest model 

The mean extinction time of constant harvest model is: 

2'] 2 f7 R(K+D)+2'7+1[_) dydX 1
 

y+D x TK'a Cre ~~eR(y x) 
y y+D y ' ( ) x+D 

(9) 

The estimate method based on the canonical model overestimates the true logTk of constant 

harvest model (Fig. 3), but there is a significant positive correlation between the estimate 

based on the canonical model and the true logTk (r2 = 0.915, n = 1 1, p < 0.0001). 
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Fig. 3 Model aggregation of constant harvest model. (a) The relationship 

between harvest rate a and logT. (b) The relationship betvyeen harvest rate a 

and three parameters estimated Black circles show the true vaiue of logT 

calculated by Eq (9), x and bars are bootstrap average +_ S,E .(~ = 30) 
(logT estimated). ntime series = 1000, r ~ 0.1 K = 30, O and a* = 0.1* 
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4.3 Proportional harvest model 

Proportional harvest model is similar to a model when a population is exposed to 

toxic chemical substances in the environment, the effect causes a constant decrease in the 

survival rate per generation (Hakoyama and lwasa 1 998). Because the mean extinction time 

of proportional harvest model is: 
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( ~' e - , - 2)t Tkr bK bKa 
r
 

(10) 

where TK is the formula 

aggregation is perfect (Fig. 

obtained for the canonical 

4). 

model (Eq 2). Therefore, model 
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Fig. 4 Model aggregation of proportional harvest model. (a) The 

relationship between harvest rate b and logT. (b) The relationship between 

harvest rate b and three parameters estimated. Black circles show the true 

value of logT. x and bars are bootstrap average ~ SE (n = 30) 

(10gT estimated), ntime series = 1000. r = 0.1 K = 300 and a* = 0,1, 

4.4 Threshold harvest model 

The mean extinction time of threshold harvest model is: 

2 ~ ? R() .) R(K+D)+1 1 y+D TK (;,2 ~ ~ e (y + D)y dydx' 
x+D 

(11), 

The estjmate method based on the canonical model quite overestimates the true logTk of 

threshold harvest model (Fig, 3), and there is no significant positive correlation between the 

estimate based on the canonical model and the true logTk･ The estimated value of logTk 
have local maximum around c = 200 (Fig. 5a). Note that the estimated value of r have local 

maximum around c = 150 (K / 2) (Fig. 5b). 
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5. Appendix 

5.1 Regression formula 

It takes a long time to calculate logT using by the integral formula (Eq. 2). Then, we 

made a regression formula to calculate approximate logT. We calculate some logT for some 

parameter sets (combination of following parameters; r = 0.1. K = { 1, 1.25, 1.5, 1.75, 2, 

2.25, 2.5, 2.75, 3}, (;.2 = {･OOOO1, .OOOl, .O005} and {.OOl, .002. ..., .098, .099, .1}), and 

using a non-linear regression method and a parameter scaling rule, derived an empirical 

equation: 

e I =~ ) InTgresson In r 
O'I 

)[ t r r ) ~ ( -9'70471[ol" 0'1ae2 0'318121 rK 
O 0267559 yn +L1'12073 

O' 1 

+L~1'93776(0'1a 2 o 113793 + 2 56977 

r
 

Oll'eS3T ) +s'07769 

(A1) 

This formula is a good approximation of Eq. 2, when parameters range in the above 

parameter sets that was used Eq. Al or the corresponding sealed parameter range (see 

Hakoyama and lwasa 1999 for detail). 
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